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[Monge 1784]




Monge’s Problem
Points (xi)i, (yj)j
Permutation:




: {1, . . . , n} ! {1, . . . , n}








xi




yj




d(xi
, yj
)





D(X, Y ) = min
n
X
i=1
d(xi, y (i)
)
! Seems intractable: n! possibilities.





! Di↵erent number of points?
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i
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P > 0, P1m = a, P>1n = b
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d(xi
, yj
)




Discrete distributions:




[Kantorovich 1942]
min
P
nP
i,j
d(xi, yj)pPi,j ;
o




George
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Wp is a distance and




↵n * , Wp(↵n, ) ! 0
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P





vs.




. . .
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x2




x3




x




Wp( xn
, x) = d(xn, x)






|| xn x
||TV = 2
,




8 f 2 C(X),




R
X
fd↵n
!
R
X
fd




↵n *




Convergence in law:





↵n 
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                  Curses and Blessings of OT in Learning

Curse of dimensionality:

n scales like O(1/precisiond)

n

Entropic regularization.

Lack of stability:

Mass conservation.

Sensitivity to outliers.

Unbalanced Optimal Transport.

Transportation between di↵erent spaces:

?

ATAC-seq

RNA-seq

↵ 

D(↵, )

dim ⇠ 103 
dim ⇠ 102

Gromov-Wasserstein.

No joint embedding.

Di↵erent dimensions.

Algorithms scale like O(n3)


                



              View full-size slide

            

          

        
	
          
            
              
                
            

            
                
                  X





Y





Optimal


Regularization
Unbalanced




                



              View full-size slide

            

          

        
	
          
            
              
                
            

            
                
                  Entropic Regularization
Schr¨
odinger’s problem: [1931]
Erwin


Schrödinger
min
P1=a,P>1=b
P
i,j
d(xi, yj)pPi,j + "Pi,j log(Pi,j)
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Schr¨
odinger’s problem: [1931]
Erwin


Schrödinger
↵

xi 
yj

Pi,j > 10 3
"

" = 0
min
P1=a,P>1=b
P
i,j
d(xi, yj)pPi,j + "Pi,j log(Pi,j)
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min
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d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a, P>1 = b
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Pi,j = ui Ki,j vj
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Proposition:





u (Kv) = a













v (K>u) = b




Ki,j
def.
= e
d(xi,yj )p
"














min
P
nP
i,j
d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a, P>1 = b
o




Pi,j = ui Ki,j vj





P = diag(u)K diag(v)




=)





a = P1 = diag(u)(Kv) = u (Kv)
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Proposition:





u (Kv) = a













v (K>u) = b




u
a
Kv




v
b
K>u




Ki,j
def.
= e
d(xi,yj )p
"














min
P
nP
i,j
d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a, P>1 = b
o




Pi,j = ui Ki,j vj





Theorem: [Sinkhorn 1964]




(u, v) converges.




Richard


Sinkhorn
P = diag(u)K diag(v)




=)





a = P1 = diag(u)(Kv) = u (Kv)
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u (Kv) = a













v (K>u) = b




u
a
Kv




v
b
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Ki,j
def.
= e
d(xi,yj )p
"














min
P
nP
i,j
d(xi, yj)pPi,j + "Pi,j log(Pi,j) ; P1 = a, P>1 = b
o




! Convolution on regular grids, separable kernels.





! Parallelizable on GPUs.




Matrix/vector multiplications: ! O(n2
/"2) complexity.




Pi,j = ui Ki,j vj





Theorem: [Sinkhorn 1964]




(u, v) converges.




Richard


Sinkhorn
P = diag(u)K diag(v)




=)





a = P1 = diag(u)(Kv) = u (Kv)
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Theorem:

requires n ⇠ (1/ )dimension

[Dudley 1968]

↵ 
↵ 
n = 1
n
P
i xi

8

23

E|Wp(↵, n) Wp(↵, 1)| 6
Richard
 
Dudley
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                  The Curse of Dimensionality

Theorem:

requires n ⇠ (1/ )dimension

[Dudley 1968]

↵ 
↵ 
n = 1
n
P
i xi

8

23

E|Wp(↵, n) Wp(↵, 1)| 6
Aude


Genevay

Theorem:

[Genevay 2019]

E|W"
p
(↵, n) W"
p
(↵, 1)| 6

requires n ⇠ (1/")dimension ⇥ (1/ )2
Richard
 
Dudley
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e 2015]
Unbalanced OT
[Chizat, Schmitzer, Peyr´
e, Vialard 2015]
[Kondratyev, Monsaingeon, Vorotnikov 2015]




See also:





min
P>0
P
i,j
(d(xi, yj))Pi,j + ⌧ KL(P1|a) + ⌧ KL(P>1|b)

UOT(↵, )
def.
=
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e 2015]
Unbalanced OT
[Chizat, Schmitzer, Peyr´
e, Vialard 2015]
[Kondratyev, Monsaingeon, Vorotnikov 2015]




See also:




↵








Hellinger





Unbalanced





Balanced





Wp
p
(↵, )




⌧ ! +1




⌧ ! 0




R
(
p
↵
p
)2






UOT(↵, )

min
P>0
P
i,j
(d(xi, yj))Pi,j + ⌧ KL(P1|a) + ⌧ KL(P>1|b)

UOT(↵, )
def.
=


                



              View full-size slide

            

          

        
	
          
            
              
                
            

            
                
                  [Liereo, Mielke, Savar´
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Unbalanced OT
[Chizat, Schmitzer, Peyr´
e, Vialard 2015]
[Kondratyev, Monsaingeon, Vorotnikov 2015]




See also:




↵








Hellinger





Unbalanced





Balanced





Wp
p
(↵, )




⌧ ! +1




⌧ ! 0




R
(
p
↵
p
)2






UOT(↵, )

For (s) = sp
, UOT1/p
is a distance.

Theorem:

For (s) = log(cos(s ^ ⇡
2 )2
), UOT1/2
is geodesic.

min
P>0
P
i,j
(d(xi, yj))Pi,j + ⌧ KL(P1|a) + ⌧ KL(P>1|b)

UOT(↵, )
def.
=
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min
P>0
P
i,j
(d(xi, yj))Pi,j + ⌧ KL(P1|a) + ⌧ KL(P>1|b)

Ki,j
def.
= e
(d(xi,yj ))
"

v
✓
b
K>u
◆ ⌧
⌧+"

u
⇣ a
Kv
⌘ ⌧
"+⌧
P = diag(u)K diag(v)
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min
P>0
P
i,j
(d(xi, yj))Pi,j + ⌧ KL(P1|a) + ⌧ KL(P>1|b)

Ki,j
def.
= e
(d(xi,yj ))
"

v
✓
b
K>u
◆ ⌧
⌧+"

u
⇣ a
Kv
⌘ ⌧
"+⌧

day 1 
day 18

Application: developmental trajectories inference.

[Schiebinger et al 2019]

[Waddington, 1936]
P = diag(u)K diag(v)
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↵ 2 M1
+
(X) and dX distance on X.






Metric measure space X , (X, ↵, dX ):
X






dX

x

x0


                



              View full-size slide

            

          

        
	
          
            
              
                
            

            
                
                  Gromov-Wasserstein
↵ 2 M1
+
(X) and dX distance on X.






Metric measure space X , (X, ↵, dX ):
X






dX
Y






dY

⇡

y

y0

x

x0
[Memoli 2011]
[Sturm 2011]

GW2
2
(X, Y) def.
= 
min
P1=a,P>1=b
hQP, Pi

def.
=
X
i,i0,j,j0
|dX (xi, xi0
) dY (yj, yj0
)|2Pi,jPi0,j0
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                  Gromov-Wasserstein
! non-convex, NP-hard . . .






if dX = || · ||, dY = || · ||: concave!
↵ 2 M1
+
(X) and dX distance on X.






Metric measure space X , (X, ↵, dX ):
X






dX
Y






dY

⇡

y

y0

x

x0
[Memoli 2011]
[Sturm 2011]

GW2
2
(X, Y) def.
= 
min
P1=a,P>1=b
hQP, Pi

def.
=
X
i,i0,j,j0
|dX (xi, xi0
) dY (yj, yj0
)|2Pi,jPi0,j0
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! non-convex, NP-hard . . .






if dX = || · ||, dY = || · ||: concave!
↵ 2 M1
+
(X) and dX distance on X.






Metric measure space X , (X, ↵, dX ):
X





Y






up to isometries.

Theorem: GW is a distance
X






dX
Y






dY

⇡

y

y0

x

x0
[Memoli 2011]
[Sturm 2011]

GW2
2
(X, Y) def.
= 
min
P1=a,P>1=b
hQP, Pi

def.
=
X
i,i0,j,j0
|dX (xi, xi0
) dY (yj, yj0
)|2Pi,jPi0,j0


                



              View full-size slide

            

          

        
	
          
            
              
                
            

            
                
                  Examples of Applications

Shape registration:
Source Targets
Figure 1: Entropic GW can ﬁnd correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.
In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [M´
emoli 2011] measuring
of cor-
ds that
metric
ransfer
mind,
at opti-
ective.
rtation,
able to
ix. We
rgence
tasks.
frame-
stance
on, and
Source Targets
Figure 1: Entropic GW can ﬁnd correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.
In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [M´
emoli 2011] measuring

X 
Y 
Y

Y

Y

?
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Figure 1: Entropic GW can ﬁnd correspondences between a source
surface (left) and a surface with similar structure, a surface with
shared semantic structure, a noisy 3D point cloud, an icon, and a
hand drawing. Each fuzzy map was computed using the same code.
In this paper, we propose a new correspondence algorithm that
minimizes distortion of long- and short-range distances alike. We
study an entropically-regularized version of the Gromov-Wasserstein
(GW) mapping objective function from [M´
emoli 2011] measuring

X 
Y 
Y

Y

Y

?

[Demetci et al 2020]

Single-cell 
multi-omics:

ATAC-seq

RNA-seq

X 
Y

dim ⇠ 103(genes) 
dim ⇠ 102(peaks)
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                  Schrodinger GW
566 Extensions of Optimal Transport
566 Extensions of Optimal Transport
Iterations






DC-programming / Konno’s relaxation / Frank-Wolfe / . . .

min
P1=a,P>1=b
hQP, Pi + "H(P)

C def.
= QP

min
P1=a,P>1=b
hC, Pi + "H(P)

P

(Sinkhorn)
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                  Unbalanced GW

Theorem: 
UGW(X, Y) = 0 , X and Y are isometric.

UGW(X, Y) is not a distance.

UGW(X, Y) upper bounds a conic distance.

[S´
ejourn´
e 2022]

UGW2(X, Y) def.
= 
min
P>0
hQP, Pi + ⌧ KL⌦2(P1|a) + ⌧ KL⌦2(P>1|b)

KL⌦2(a0|a) def.
= KL(a0a0>|aa>)

where

! Mix together unbalanced, GW and Sinkhorn!
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                  Unbalanced GW

Theorem: 
UGW(X, Y) = 0 , X and Y are isometric.

UGW(X, Y) is not a distance.

UGW(X, Y) upper bounds a conic distance.

[S´
ejourn´
e 2022]

UGW2(X, Y) def.
= 
min
P>0
hQP, Pi + ⌧ KL⌦2(P1|a) + ⌧ KL⌦2(P>1|b)

KL⌦2(a0|a) def.
= KL(a0a0>|aa>)

where

! Mix together unbalanced, GW and Sinkhorn!

Single-cell multi-omics

Gromov-Wasserstein

registration

[Othmane Sebbouh, 2021]

ATAC-seq

RNA-seq

↵ 

dim ⇠ 103(genes) 
dim ⇠ 102(peaks)
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                  Open Problems!
Toward high-dimensional OT:





Gromov Wasserstein:

! Existence of Monge maps for " = 0?

! Taylor expansions when " ! 0 X





Y






! Geometrical properties of the Sinkhorn divergence ?

! Gradient ﬂows (neural network training, single cell evolution, . . . )
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